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We study the system of parabolic and hyperbolic one-dimensional partial dif- 
ferential equations governing the adiabatic shear flow, with temperature-dependent 
viscosity, in the annulus between two coaxial rotating cylinders, given the angular 
velocity of the inner one and the torque applied to the outer one. We determine 
the asymptotic states to which the solutions are attracted, thus establishing the 
stabilizing role of dissipation under suitable assumptions on the temperature 
dependence of viscosity. The proof is based on a priori estimates, obtained by the 
help of certain identities for sohrtions of the governing equations. 0 1988 Academic 
Press. Inc. 
1. INTRODUCTION 
We consider the adiabatic tangential flow of an incompressible New- 
tonian fluid, with temperature dependent viscosity, between two coaxial 
rotating cylinders. We wish to determine the angular velocity, the shear 
stresses, and the temperature distribution as a function of the boundary 
and the initial data. Actually, we prescribe the angular velocity of the inner 
cylinder and the torque applied to the outer cylinder. We assume that the 
coefficient of viscosity is a decreasing function of temperature (a typical 
situation for liquids). By the rotation of the solid boundaries, energy is 
pumped into the system and, since the flow is adiabatic, the temperature 
will keep rising. The distribution of angular velocity and shear stresses is 
going to be determined by a qualitative study of the solutions of the system 
of partial differential equations governing the flow. Essentially, the system 
consists of a parabolic coupled with a hyperbolic equation, both in one 
space dimension. So, the asymptotic behavior of the solutions depends on 
the outcome of the contest between the destabilizing effect of hyperbolicity 
and the stabilizing effect of parabolicity. It turns out that, under suitable 
assumptions on the temperature dependence of viscosity, internal dis- 
sipation prevails and the flow approaches asymptotically in time a steady 
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Couette flow. In other words, under these assumptions, the Couette flow is 
the unique asymptotically stable solution of the equation. This is an impor- 
tant feature of adiabatic tangential flows, taking into account the fact that 
such flows are frequently used to determine fluid viscosities from obser- 
vations of torque and angular velocities (as in the CouetteeHatschek 
viscometer, c.f. [21). 
The flow region of our problem is the annulus between two coaxial cylin- 
ders at r = r, and r = rz with 0 <r, < r2. An incompressible Newtonian 
fluid occupying this region will move in a circular pattern with angular 
velocity w(r, t) (where rw= u is the tangential velocity), shear stresses 
a(r, t) and, under adiabatic conditions, in a temperature field e(r, t) (iden- 
tified with internal energy). The evolution of W, B, and 0 (for unit density) 
is governed by the following momentum and energy balances (see [ 11 for 
their derivation) 
w, =’ (r’a),, 
r3 
r,-=zr-cr,, t>O, (1.1) 
8, = cm+‘, , r,<r<r2, t>O, (1.2) 
where the shear stresses are given by the following (Newtonian) 
constitutive relation 
u = p( f3) rw, (1.3) 
and the viscosity coefficient ,Uis a decreasing function of temperature of the 
form 
p(e)=p+e-y, (1.4) 
for a positive exponent y and a nonnegative limiting viscosity p as 0 + co. 
The boundary conditions accompanying the above system are 
W=W,, r=r,, t>O, (1.5) 
r2ci=u2, r=r2, t > 0, (1.6) 
for two given constants W, and (T* (not both zero). Note that the stress 
condition (1.6) expresses the assignment of a given value to the axial 
component of the torque applied to the outer cylinder. As a matter of fact, 
the torque (or moment of force) is the product of the force times the lever 
arm and the force is the product of the shear stresses times the surface area 
of the cylinder (assumed to be finite, although end effects are neglected). 
Finally, we should add the following initial conditions 
PV=bV(J, rl drdr,, r = 0, (1.7) 
0=e,, rl <r<r,, t = 0, (1.8) 
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where the given fields w0 and 8, should satisfy the boundary conditions 
(1.5) and (1.6). 
At this point, we should mention that the circular motion of the fluid is 
necessarily supplied by a radial variation of the pressure, given by 
pr = rw’, 
from which the pressure is computed, once the angular velocity is known. 
Thus, we are in the position to state our main result. 
THEOREM. Let p depend on 9 as in (1.4) with ,ii > 0 and 
O<y<l, for ji > 0, 
O<y<$, for p = 0. 
(1.9) 
Assume that woe W*,*(r,, r2), Oo~ W’,*(r,, r2), 8,(r)>O, r, <r<r,. Then 
there is a unique classical solution of (l.l)-( 1.8) on [r,, r2] x [0, ~0) and, as 
t-+ al.. 
a(r, t) = 
i 
~,r~*+O(eCK’), for ji > 0, 
02rp2+O(tpm), for ji =O, 
(1.10) 
w(r, t) = 
i 
w+(2jip1 a2(r;*-rP2)+0(eCK’), for ji > 0, 
w,+020(t’-*m)+O(trm), for ji = 0, 
(1.11) 
(1-Y:I~~(r,t)+~1~7(r,t)-(1-y)cleo(r)-e:,-y(r)-(1-y)a:r~4t 
=~ O(epK’), 
i 
for ji> 0, 
O(t’ -“), for ji =O, 
(1.12) 
uniformly in r on [r,, r,], for some positive constants m and K, where 
1-2y 
m=2(1 
(1.13) 
and K depends on r,, r2, ji, y, w,, 02, wo, and 8,. 
A few comments on certain conclusions derived by our results should 
clarify their meaning. If fi = 0 and c2 # 0, the shear stresses are attracted as 
t -+ cc by the ones corresponding to the stationary Couette flow 5 = c~*r-~, 
while both the angular velocity and the temperature keep on rising 
unlimitedly as t + co. If ji = 0, c2 = 0, and w i # 0, the shear stresses and the 
angular velocity are attracted as t -+ cc by the ones corresponding to the 
stationary uniform rigid body rotation 0 = 0, W = w, , while the temperature 
increases as t--f cc up to a finite distribution (as it was shown in [3]). If 
ji > 0 and cz # 0, the shear stresses and the angular velocity are attracted as 
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t -+ a by the ones corresponding to the stationary Couette flow 5 = ozr ‘, 
M’=M’, +(2ji) ’ az(r, *-r I), while the temperature increases as t -+ cxj. If 
j >O, o2 = 0, and u’, # 0, the shear stresses and the angular velocity are 
attracted as t -+ x, by the ones corresponding to the stationary uniform 
rigid body rotation, while the temperature increases as t + x up to a finite 
stationary distribution. 
Finally, let us remark that, when ,E > 0 and c2 # 0, if the outer cylinder is 
rotating with a known angular velocity IV* (where we assume u’, # ul,), 
then (l.ll), implies that, as t-+co, p=2~‘(w~-w,)~‘0~(r,~~-r~*)+ 
O(e- K’). In other words, we recover as t --+ cc: the validity of the Reiner 
Riwlin equation (see [7]) for the limiting as 8 + cc viscosity & a fact with 
important implications to viscometry, as we mentioned above. 
In the next section we are going to give the proof of our theorem. We 
apply a method developed in [6, 5,4] for the stabilization by dissipation of 
adiabatic rectilinear shearing between two parallel plates. Clearly, the 
adiabatic annular shearing considered here is an interesting model for 
studying the effect of geometry on the role of internal dissipation as it 
might be manifested in the formation of shear bands in solids. The reason 
that a model for fluids can be used also for solids is because, when the 
solids are exhibiting strain hardening, identical equations govern their 
behavior in the plastic region with that of incompressible Newtonian fluids 
(see CSI). 
2. PROOF OF THEOREM 
Let us assume that w(r, f), a(r, t), Q(r, t) is a fixed classical solution of 
(l.l)-(1.8) on [r,, r2] x [0, co) such that w( ., t), w,( ., t), w,( ., t), w,,( ., t), 
G(., t), G,(., t), e( ., t), 0,( ., t) are all in C”([O, co); L’(r,, r2)), while 
w,J ., t) is in C”((0, co); L*(r,, r2)) and w,,( ., t) is in L&((O, co); 
L*(r,, r2)). 
We begin by deriving the following identities that will be used to 
establish the a priori estimates which will lead to the proof of the theorem: 
r3(,ii + 01~) wf dr 
= Q2w(r2, t)- c2wo(r2) +;I” r’(,C + 0;~) w& dr, t b 0; (2.1) 
r, 
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3 ji jr: r7a2w2/3 dr dz + f j: r9@ + 8-y)3 w:’ dr 
=a;w(r2, t)-a;w,,(r)+; jr2r9(/7+0;~)3 w&dr, t 3 0; (2.2) 
r, 
1 d Q 
r2 3 - -- 
s 2 dt r, 
r3w2dr+ 
’ I 
r (p+Cy) w:,dr 
q 
=Y s 
‘22- 11 
r (p + opt)-= W-la3w,, dr 3 t > 0. (2.3) 
r, 
To show the above identities, let us first substitute a in (1.1) from (1.3) 
and ( 1.4) to get 
~,=-$(r’(p+8~‘) w,),. (2.4) 
To show (2.1), multiply (2.4) by r3w,, integrate over [r,, r2] x [0, t] and 
integrate by parts, using ( 1.2)-( 1.6). 
To show (2.2), multiply (2.4) by r7a2w,, integrate over [r,, r2] x [0, t] 
and integrate by parts, using (1.1 )-( 1.6). 
To show (2.3), differentiate (2.4) with respect to t and then multiply by 
r3wI, integrate over [r,, r,], and integrate by parts, using (1.3)-(1.6). 
Next, we derive the following useful relations from the equations and the 
boundary conditions, valid for rl < r < r2, t 3 0, 
r2a( r, t) = a2 - s ” P~w,(P, t) &, (2.6) r 
r4a2(r, t) = ai - 2 j” p5a(p, t) w,(p, t) dp, 
r 
(2.7) 
s 
r 
w(r, t) = w, + w,(P, t) dp. (2.8) r, 
To show the above relations, substitute (1.3) and (1.4) into (1.2) to get 
((1 -y),iiB+OIPy),=(l -y)a2, 
which integrated over [O; t] results to (2.5). Combine (1.6) with (1.1) to 
obtain (2.6) and (2.7). Finally, (2.8) follows from (1.5). 
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Now, we are in the position to estabish the a priori estimates that will 
yield the proof of the theorem. In what follows, K will stand for a generic 
positive constant which can be estimated from above solely in terms of r, , 
r2, ,u, 7, M’,, gz and upper bounds of the W”,‘(r,, r,)-norm of 12‘” and the 
W’,‘(r,, rZ)-norm of 0,. 
The first estimate concerns the point-wise bounds of 0. 
LEMMA 2.1. Assuming (1.9), for r, 6 r < rz, t 3 1, 
Km’t<<(r, t)BKt, when fi >O, 
K-‘r(’ --)‘I-’ 6 qr, f) < Kr” -7) 1, when ,ii = 0. 
Proof: Taking into account that 0( ., t) is a non-decreasing 
(2.1) and (2.8) imply, using the Cauchy-Schwarz inequality, 
dK 
-j - 
r (,u+Cy)w~drdKw(r,,r) 
i.e., since 0 3 8,, 
and, hence, by (2.8) 
I/2 
6 K max 8’ 
Cv.r21 
Iw(r2, t)l d K+ K max 0~. 
Cr1.r21 
(2.9) 
function, 
(2.10) 
Integrating (2.7) over [0, t] and using the Cauchy-Schwarz inequality, 
(2.2), and (2.10), we find 
5 
I 
c*dTGK+Kt+Kmax BY. (2.11) 
0 lrl,‘21 
Therefore, (2.5), (2.11), and (1.9) imply, for td 1, 
from which the right-hand side of (2.9) easily follows, using Young’s 
inequality. 
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Moreover, integrating (2.7) over [0, t] and using the Cauchy-Schwarz 
inequality, (2.2), (2.10), and the right-hand side of (2.9), we obtain, for 
tb 1, 
(1-y)$3+PY>KP’t, 
from which the remaining part of (2.9) is shown. 1 
The next estimate refers to the L2-norm of 0. 
LEMMA 2.2. Assuming (1.9) for t 2 1, 
(2.12) 
Proof. Since, by (1.2), (1.3), and (1.4), 
r4(~+e~s)3W~=04(~++--Y)-‘, 
(2.2) (2.10), and (2.9) imply, for t> 1, 
K- lt(l my)-’ 
s 
” cr4drf 
s 
‘2 4 - ,-J (p+&)‘)-l dr<Kt”-Y’-‘, /Ii = 0; 
r, rl 
i.e., 
from which we obtain (2.12) after applying the Cauchy-Schwarz 
inequality. 1 
We now proceed to estimate the L2-norm of w,. 
LEMMA 2.3. Assuming (1.9) as t --f co, 
s 
r2 
wfdr= 
O(e eK’), when b>O, 
r, O(tr2rn), when ,ii =O, 
for K>O andm>O gioen by (1.13). 
(2.13) 
Proof. Applying the Cauchy-Schwarz inequality to (2.3) we obtain, 
using (2.9) for t > 1, 
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Now, applying the Cauchy-Schwarz inequality to (2.7), we get, using 
(2.12), 
i 
‘2 
a6 dr < (max (Y~)~ 
i 
12 
a2 dr 
II C’l.Ql f-l 
<~r~a2dr[K+K(~~a2dr)({~r3wfdr)]. (2.15) 
Therefore, defining 
(2.14), (2.15), and (2.12) lead to the differential inequality 
4 -< Kc-‘-‘(K+ t’$), 
dt 
p >o, 
d+ -~Kt(3’~2)/(1~Y)(K+IcI), 
dt 
ji = 0, 
which can be easily integrated to yield, as t -+ a, 
$6 K for ,ii>O. (2.16) 
If we apply the Cauchy-Schwarz inequality to (2.8) and integrate over 
Cr,, r21, we get 
i.e., using (2.9), for t 3 1, 
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Since (2.15), (2.12), and (2.16) imply, as t + co, 
(2.18) 
combining (2.14) with (2.17) and (2.18) results in the differential inequality 
which, integrated, yields (2.13). 1 
Applying the Cauchy-Schwarz inequality to (2.6) and using (2.13), we 
obtain (1.10). 
Using (1.3), (1.4), (2.6), (2.9), and (l.lO), we derive an estimate for w,, 
which combined with (2.8) implies (1.11). 
Finally, applying the Cauchy-Schwarz inequality to (2.5) and using 
(l.lO), we arrive at (1.12). 
Thus, the above a priori estimates establish existence of a unique global 
solution of (l.l))( 1.8) by a routine procedure, according to which one first 
shows that a unique local solution exists on a maximal time interval and 
then uses the a priori estimates to show that this solution cannot escape in 
finite time. 
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